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Conditions are given under which one can select the input signal of a
system so that a given periodic process may be generated approximately.
The problem investigated here is related to the theory of programmed
control [ 1, p. 231 ] since it considers the possibility of finding pro-
gramming functions which will guarantee a stable periodic programming
process. Under realistic conditions the programming functions can be
given only approximately. This article presents estimates of the admis-
sible errors of the required programming functions. From the strictly
mathematical viewpoint, the problem can be reduced to the formulation of
the conditions for stability of the periodic motion in the presence of
constantly acting disturbances bounded in norm, An estimate of the abso-
lute value, of the mean absolute value, and of the mean-square value of
the above-indicated admissible error is given. The case when the con-
structed periodic motion is discontinuous is also considered. A part of
the basic results is carried over to the case of a non-periodic approxi-
mate motion.

1. Let us consider the differential equation

dx, .
=l E ) het) (=t 5

Under the assumption that all the functions f.(x;, ..., %, t) are
periodic functions of time with period w, we set ourselves the problem
of selecting such periodic functions ¢;(t) that a given system of
periodic functions x; = .(t) (i =1, ..., n) of period w may be a solu-
tion of the system (1.1). The solution of this simple problem has the
form

Qi () =9, (&) — fi (b (2); - - - 1 Pu (£), 1) (f=1,...m) (1.2)

In practice it may, however, turn out to be entirely inapplicable.
Indeed, if the system of the functions x; = ;(t) defines some

406



Construction of periodic motions 407

programming process, then this process can be realized only in case the
process is stable relative to the initial disturbances. Furthermore,
under real conditions, the programming functions ¢;(t) are selected from
some narrowly prescribed class of functions, for example, from the class
of polynomials, trigonometric polynomials, piece-wise constant discon-
tinuous functions, and so on.

Equations (1.2) can, therefore, be satisfied only approximately with
a certain error. In case the programming functions ¢;(t) are expressed
as linear combinations of functions from a system of mutually orthogonal
functions, it is simple to compute the mean-square error of the approxi-
mation. It is also known that a knowledge of the absolute value of the
error makes it possible to obtain an estimate of the mean value and of
the mean-square value of the error, while the knowledge of the mean-square
value of the error permits one to obtain an estimate of its mean value.

Thus, the investigation of the problem on the preservation of the
stability of the periodic motion of the system (1.1) under constant dis-
turbances, bounded in the mean or in their mean-square value, is of
special interest. The study of disturbances, which are bounded in the
mean, can be carried over to the case of shocks or 8-type of disturbances,
as will be shown in the sequel.

For the general case, the stability of motion under constantly acting
disturbances bounded in the mean was considered in the work of Germaidze
and Krasovskii [2 ]. Questions on the stability of the periodic motion
under constantly acting disturbances bounded in their absolute value were
considered in[3,41].

Problems on the existence and on the preservation and stability of
periodic motion bounded in the modulus of external forces were considered
in [5,6 ] on the basis of Liapunov’s function. In the present article,
estimates of the absolute mean and mean-square values of the admissible
error of the approximating programming functions are obtained in a differ-
ent way. Here, the approximating periodic motion I' has the following pro-
perties.

1) All trajectories which start for t = ty, in a small enough neighbor-
hood. of I" do not leave an e-neighborhood of T when t > t.

2) In the ¢-neighborhood of I' there exists an asymptotically stable
periodic motion whose region of attraction contains some neighborhood

of T,

Therefore, if the error of the approximation lies within admissible
bounds, then the presence of a small enough error in the choice of the
initial conditions will not prevent the approximate realization of the
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periodic process, since the obtained process will approach asymptotic-
ally a periodic motion close to the assigned one.

2. Let us assume first that the functions ¢;(t), which determine the
periodic motion I', are continuous and piece-wise differentiable.

Making the following change of variables in the system (1.1)

Zi:xi_’wi(t) (i:i,...,n)

we obtain

dz; .
= @) g e (@) S () — () (=1n)

Introducing the notation

Zi(zyy ooy Zn b)) = [i(21 91 (8), oy 2a - P l(l), ) — fi (1 (¢
ri(t) = @i () — () + fi(Pr (@), oo, Pu(E),8)  GE=1...0m)

\,
=
-
—~~
=
S
o
a4

we can express the system (1.1) in the form

O 7@y g ) i) =1, (2.1)

dt
Equations (2.1) represent, obviously, the system of equations of the
disturbed motion; the functions r;(t) determine the error of approxima-
tion of the approximating functions ¢;, while the deviation from zero of
the solution z;(t) of the system (2.1) coincides with the deviation of
the solution x,(t) of the system (1.1) from the assigned periodic motion.

By first separating in some way the linear part from the function
Z(zy, ..., z,, t), we can write (2.1) in the form

dz <
.__i-——_— aik(t)zk—{—Ri(Zl,...,Zn,t)+ri(t) (i=19-*~v") (2.2)

dt
k=1
or in the matrix-vector form as
dz/dt = A(t)z + R(z,t) +r(t) (2.3)

Let us determine the norm of the vector z and the norm of the matrix
A by the following relation®:

* fThe norm of the vector z may be defined by any other of the known
methods, and the norm of the matrix A can then be defined by the rela-
tion H A |f= max ””Az H“when |lz lf: 1. In this case, all preceding
remarks remain valid [ 7, p. 1111].
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|z} =max|z|, |A4|=max(jau|+...+]an])
1<ign <ign

Let D be the region given by the inequalities ||z |[<e, 0 <t < o,
and- let us impose the following restrictions on the system (2.3):

a) The functions A(t), R(z, t) and r(t) are periodic in t and of
period @ .

b) In the region D, the function R(z, t) satisfies the Lipschitz con-
dition

IR0 —R@y.OI<Llz—yl, z=D, ycCD

c) For a fixed z, the functions a;,(t) and R, ;(z, t) are Lebesgue
integrable in absolute value on the 1nterval [0 ol

d) The functions r, 2(t) are Lebesgue integrable on the interval
[0, 1.

e) There exists a fundamental matrix W(¢, r) of the system z'=A(t)z,
which satisfies the conditions W(r, r) = E (E is the unit matrix)

W (5, 1) <Be*t—9, B>1, a>0

f) The quantity
A =o—LB> 0

We call attention to the fact that in view of a theorem of
Caratheodory [8, p. 120 ] the conditions (b), (c) and (d) guarantee the
existence of a unique solution of the system (2.3) in the region D.

Let us introduce the notation p(t) = || r(t) ||.

Theorem 2.1. Let the conditions {a) to (f) and one of the following
conditions be satisfied:

() po = sup p (1) <5 M

[

(B) p, = & p(t)dt < ooz e (1 — e

0

w e s
@ o= roa) <R 1
0
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Let & = ¢/2B. Then the following assertions are true:

1) Every solution z(t) of the system (2.3) which is such that
Il 'z(¢4) [ <& will not leave the region D if t > t, > 0.

2) In the region D, there exists an asymptotically stable periodic
trajectory which attracts all other trajectories that come out of the
region || z || < &, t> 0.

We shall now prove the theorem. Obviously, without destroying the
generality, we may assume that t; = 0. By Cauchy’s formula we have

R
2(8) =W (t,0)z, - SW (t,7) (R (z,7) 4 r () du (2.4)

0

Hence, on the basis of (b) and (e) we obtain

!

12 (1) | < Be=2t| 7] - B\ e=(= (L]} 2] + p (x)) do (2.5)

0

Setting u(t) = e*{*|| z(¢) ||, we rewrite (2.5) in the form

t
u(t)< Blzo] + B (Lu (1) + ep (1)) dr (2.6)

J
From this it follows in accordance with Lemma 1.1 of [9 ] that

4

u (t) < Bert 2+ \ p (x) ete—Bdr ) @7

4]
Hence

[z <Dy (2) + e () (2.8)

where
t
@, (t) = Be|z,|, @, (t) = Be ™ Sp(r) e dr
h
Assuming that || zo|l < & = €/2B, we have ®,(t) < ¢/2 if t > 0. We
shall show that if one of the conditions (A), (B) or (C) is satisfied
then sup @,(t) < 8 if ¢t > 0.

Suppose that condition (A) holds. In this case we have
tl
D, (1) < 55 he™ \ evdv

0



Construction of periodic motions 411

Since

e i erdr <

0

we deduce at once the required result.

Suppose that condition (B) holds, and let t = ko+r1y, 0€r, <w.In
this case we have

)\u)

(Dg (t) < Be_k)@ [ékm + "{“ e(h_H)w ] Py < B e —Am P1-

This yields the required result.

- Suppose, finally, that condition (C) holds., Then, obviously we have

k({4 Y, ke ’
Q)< Bewe B( | e dr) pa<B (T ) s
=0 4

which again yields the required result.

And thus, 1f one of the conditions (A), (B) or (C) is satisfied, we
find that sup ®,(t) < & if ¢t >0, and, furthermore, that @, (t) <e/2.
Hence, if t > 0 we have |} z(t) || < 8 + €/2 < ¢, which proves the first
part of the theorenm.

In order to establish the existence of a periodic solution we must
give a large enough number N >'1 such that ®,(t) <3 -:1)/N. Since
sup §,(¢) < 3, it is obvious that such a number N always exists. Next we
find a number

T =mo>A*InBN

where m is a positive number.

Since ®,(T) < 8/N if ¢ > 0, it follows that [[-z(T) |}-< 8 if
Iz(0) |} <.

Hence, the mapping z = z(T) transforms the region ||z |}'< & into a
part of itself. In order to apply now a well-known principle of con-
tracbxon mappings [ 10, p. 901, we consider two points zy and y, in the
region | T 8. The difference between two solutions of the system
(2.3) determlned by these points satisfies the integral equation

: :

2=y (O =W (£,0) Gz — yo) + W (6. ) (R(z, ) — R (y, D) -

0
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From this we obtain the inequality
1
[2()—y (O] < Bet |z,— g, |+ BL {em=9z(m) —y (m)]dv  (2.9)
0

Introducing the notation u(t) = || z(¢t) — y(t) ||e®t, we obtain

t

l2(6)—y ()] < Bllzy—yo |+ BL{w (v) dv

0

From this and from a known lemma [ 9]. it follows that

u(t) < Blz,—y,|eH

Thus, we finally obtain

lz(6) —y < Bz, —yolle™ (2.10)
and since Be Mt < 1/N
12(T) — (D) < 5 12 — %ol

This shows that the conditions for the applicability of the principle
of contraction mappings are satisfied. Hence, there exists in the region
I 2|l < & a unique point ¥o such that y(T) = y(0) = y,. This point deter-
mines for us the required periodic motion. Since y(w) = ylw + T), it
follows that the point y(w), being a fixed point, must coincide with
y(0). Hence, the period of y(t) is w. The asymptotic stability of y(t)
follows from (2.10).

3. Let us next consider the case when the periodic motion x; = ¢i(t)
which is to be realized may have a finite number of discontinuities of
the first kind. In this case the approximating programming functions must
have the form

Q) =W (O — /(W1 (D) B0 ) G=lm) (31)

at those points where the derivative ,;”(t) exists, and
@i (t) = Mud (£ — 1) (3.2)

at the discontinuity points t,, ..., t,. Here n,, is the saltus of the
function ¢, (t) at t = t,; 8(t — t}) is the Dirac function.

Under the assumption that the function ¢;(¢) will be approximated by
functions of the same type, let us express the error in the approximation
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in the form

) =1,....n) (3.3)

where r °(t) is a function whose absolute value is integrable on [0, @ ].

Making use of the change of variables z; = x; — ¢;(t) in the system
(1.1), we are again led to the system {2.1), and by separating in some
way the linear part we obtain again the system (2.3). It should, however,
be mentioned that even in the case when the functions f;(x;, ..., x,, t)
of the system (1.1) are infinitely often differentiable with respect to
%y, ..., %,, the matrix A(¢) and the function R(z,t) may turn out to be
discontinuous functions. In the more general case of the determination
of the first approximation system and of the solution of the stability
problem of this system, one should take into consideration the results
obtained by Aizerman and Gantmakher [111].

Let
p(t) = p°(t)+ ) Tud (t — 1) (3.4)
k=1

where

p(t) = max [r;° ()| for ¢=- 1y, Tk = Max |ri|
1<ign 1<in

Theorem. Suppose that the conditions (a), (b), (c), (e) and (f) are
satisfied and that the functions ri(t) are representable in the form
(3.3). Let 8 = ¢/2B, and let us suppose that the inequality

w—0 ® m
pr = S) p(t) dt =§ P+ 3 1< e (1 — )

is valid.
Under these hypotheses both assertions of Theorem 2.1 are true.

The proof of Theorem 3.1 is essentially a repetition of the proof of
Theorem 2.1. Indeed, Formula (2.4) obviously applies in the present case
if one makes use of the rule for the integration of expressions involy-
ing the Dirac function.

The only questionable step is the transition to the limit from the in-
equality (2.6) to the inequality (2.7). Let us show that this step is
valid. Since for t = 0, the inequality (2.7) is true, and since both
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sides of the inequality are continuous from the right, this inequality
will be valid if 0 <t < h, where h 1s some positive number.

Let 7, be the infimum of the numbers t for which (2.7) is not true.
Because of the fact that both sides of (2.7) are continuous from the
right, we have

u (t6) 3> Bevies (|2, + | p () ete—BLrdr) (3.5)
)

On the other hand, setting t =7, in (2.6), and replacing u(t) under the
integral sign by a larger quantity from (2.7), we obtain

To t Ty
u (ty) < BeBLw | z,| - Bng eBLt S p (t)el@—BL)Y dt 4 B g exp (1) dr
3 .

0 0

Applying to the second integral the rule of differentiation by parts
(which is valid under the given conditions, since we are dealing
essentially with a Stieltjes integral

in e p (1) dr
0

and since the integral exists), we obtain an inequality which contradicts
the inequality (3.5).

From here' on the proof of Theorem 3.1 is an exact repetition of the
proof of Theorem 2.1.

We call attention to the fact that Theorem 3.1 can be formulated so
that it will apply to the more general case when the programming func-
tions ¢;(t) are of bounded variation. In this case, one should consider
the equation

t t
2(t) = W (£, 1) 2, +S W (t;7) R (z,7)dv -+ SW (t, ©)dG
to

to

where the second integral is a Stieltjes integral with the integrating
function G(t) (G,(¢t), ..., G,(t)) being of bounded variation. This can
be reduced to the previous case if one introduces the generalized func-
tions r (t) by defining them as r;(t) = G;”(t) at the points where the
derivative exists, and as r (¢) = r; 8(¢t - t,) at the points of discon-
tinuity of G;(t) (r;, is the saltus at the discontinuity). In the pre-
sent case, the set of points of discontinuities of G;(t) may be infinite
(but denumerable).
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An even more general approach to the problem is possible on the basis
of the concept of a generalized differential equation which is based on
Kurtsveil’s [12 ] generalization of the Perron integral.

4. Making use of the method of proof of Theorem 2.1 and of an idea
expressed in [13 ], one can carry over some of the results of the indi-
cated theorem to the case when the system (1.1), as well as the pro-
gramming functions x; = ¢i(t), are not periodic.

Let @ be an arbitrary positive number, and let

p@)=Ir@®l hy=supp(?)
o<t<oo

t+o t-+ow A
hy=sup \  p@)dt, hy=sup (S p?(8)dt )
i <oo % o<t< oo

Theorem 4.1. Suppose that the conditions (b), (c), (d), (e) and (f)
are satisfied (except that the integrability of the corresponding func-
tions holds on any segment t, t + @, t > 0), and suppose that at least
one of the following inequalities is valid:

(A)  hy<gg M

(B) M speto(l—eto)

) h< 2%(8—23%1)"’(1 )

Then every solution z(t) of the system (2.3) which satisfies the con-
dition

[12(0)[| < e/2B

will not leave the region D when t > 0.

The proof of Theorem 4.1 is the same as the proof of the first part
of Theorem 2.1, éxcept for the difference that in place of the inequal-
ity ®,(t) < ¢/2B one has to have the inequality

D, (1) <

Finally, let us consider the case when the approximating (non-
periodic) motion x; = i;(t) has isolated discontinuities of the first
kind. In this case, we again assume that r(t) can be represented in the

form (3.3), and we define the generalized function p(t) in accordance
with (3.4).
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t+o—0
h, = sup S p(t)dt

ot< oo

Repeating the arguments used in the proof of Theorems 2.1 and 3.1, we
establish that if

hy < €/2Be7 (1 — ¢h)

the solution z(t) of the system (2.3), under the condition that
||z(0) H'< €/2 B, will not leave the region D when t > 0.

Thus, also in this last case, we can realize the desired programming
process approximately with a accuracy of €.
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